Abstract. The state complexity of combined operations is studied. We show that the state complexity of a combined operation can be very different from the composition of the state complexities of the participating individual operations. However, the estimate through individual nondeterministic state complexities for each of the combined operations being considered is very similar to the actual state complexity. Several open problems related to state complexity are also proposed.
Introduction
State complexity is a fundamental topic in theoretical computer science. Many results on state complexity also have important practical implications in automata applications [26] . In recent years, there have been a large number of papers published in this area of research. Examples include [2-5, 8-10, 13-16, 18, 19, 23, 24, 26, 28] . However, in all those papers, state complexity is considered for only individual operations, e.g., union, intersection, catenation, and Kleene star. In [27] , the state complexity of combined operations was proposed as one of the future directions in state complexity research. There have been a few examples recently, e.g., the state complexity of
is considered in [6] and the state complexity of L k , for k ≥ 2, is studied in [20] . In both theory and practice, combinations of operations are as important as individual operations. It is clear that the state complexity of combined operations should be studied along with the study of the state complexity of individual operations.
The state complexity of a combined operation may not necessarily be equal to the composition of the state complexities of the participating individual operations. For example, given an m-state DFA A and an n-state DFA B, what is the state complexity of (L(A)L(B)) * (i.e., the number of states of a minimal DFA that accepts (L(A)L(B)) * in the worst case)? It is known that the state complexity of the catenation of an m-state DFA language and an n-state DFA language is m2 n − 2 n−1 , and the state complexity of the (Kleene) star of an n-state DFA language is 2 n−1 + 2 n−2 . Then is it true that the state complexity of (L(A)L(B)) * is 2 m2 n −2
In fact, it is not true for this combination of operations. The result is even in a different order [7] . However, in some other cases, the state complexity of a combination of operations is very similar to the composition of the state complexities of individual operations.
In this paper, we consider only the combinations of operations each of which consists of only two operations. In particular, every second operation of the combined operations we consider is (Kleene) star. Note that the first operation of a combination may restrict its result to a special type of DFA. Then the worst cases for the second operation in the general setting may or may not be among the outputs of the first operation. Therefore, the state complexity of a combination of operations may or may not be the same as the composition of the state complexities of the individual operations. Each case has to be studied individually.
We also use the nondeterministic state complexity of each individual operation to estimate the state complexity of a combined operation. Surprisingly, all the results of the estimation for the examples we use are very close to the actual state complexities. Although they are not as accurate as the state complexities we have proved, they appear to be good enough for practical purposes.
In the following, we introduce the basic notations that are necessary for this paper and review the definition of state complexity in the next section. In Section 3, we consider the state complexities of two combined operations: star of union and of star of intersection. In Section 4, we consider another two combined operations: star of catenation and star of reversal. We estimate the same four combined operations using individual nondeterministic state complexities in Section 5. We conclude the paper and raise several related questions in Section 6.
Preliminaries
A deterministic finite automaton (DFA) is denoted by a 5-tuple A= (Q, Σ, δ, s, F ) , where Q is the finite and nonempty set of states, Σ is the finite and nonempty set of input symbols, δ : Q × Σ → Q is the state transition function, s ∈ Q is the initial state, and F ⊆ Q is the set of final states. A DFA is said to be complete if δ(q, a) is defined for all q ∈ Q and a ∈ Σ.
A nondeterministic finite automaton (NFA) is also denoted by a 5-tuple M = (Q, Σ, δ, s, F ), where Q, Σ, s, and F are defined the same way as in a DFA and δ : Q × Σ → 2 Q maps a pair of a state and an input symbol into a set of states rather than, restrictively, a single state. An NFA may have multiple initial states, in which case an NFA is denoted (Q, Σ, δ, S, F ) where S is the set of initial states. An ε-NFA is a further extension of NFA, where δ : Q × (Σ ∪ {ε}) → 2 Q allows ε-transitions from the states.
The reader may refer to [11, 21, 25] for a rather complete background knowledge in automata theory.
